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a b s t r a c t

The residual compressive stresses induced by the autofrettage process in a metal vessel are limited by
metal plasticity. Here we showed that the autofrettage of layered metal–ceramic composite vessels leads
to considerably higher residual compressive stresses compared to the counterpart metal vessel. To calcu-
late the residual stresses in a composite vessel, an extension of the Variable Material Properties (X-VMP)
method for materials with varying elastic and plastic properties was employed. We also investigated the
autofrettage of composite vessels made of functionally graded material (FGM). The significant advantage
of this configuration is in avoiding the negative effects of abrupt changes in material properties in a lay-
ered vessel – and thus, inherently, in the stress and strain distributions induced by the autofrettage pro-
cess. A parametric study was carried out to obtain near-optimized distribution of ceramic particles
through the vessel thickness that results in maximum residual stresses in an autofrettaged functionally
graded composite vessel. Selected finite element results were also presented to establish the validity of
the X-VMP method.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Autofrettage is a process in which compressive residual stresses
are induced in a vessel by applying and removing an internal pres-
sure that is well beyond the vessel normal service pressure [1–5].
During the loading phase, a significant part of the vessel cross sec-
tion undergoes plastic deformation and the unloading results in
development of compressive residual stresses at the inner part
and tensile residual stresses at the outer part of the vessel. The in-
duced compressive residual stress at the inner vessel part leads to
enhancement of vessel’s fatigue life and load-carrying capacity
[6–9], and thus longer service life under cyclic internal pressure.
For metal vessels, the magnitude of the residual compressive stress
that can be induced by the autofrettage process is limited by the
plasticity of metal [10]. To put this in perspective, in Figs. 1 and
2, we studied the residual stresses in a thick metal vessel induced
by the autofrettage process. The results were calculated using the
Variable Material Properties (VMP) method developed by Jahed
and Dubey [11]. In this method, the linear elastic solution of a
boundary value problem is used as a basis to generate its inelastic
solution. The material parameters are considered as field variables
and stress distributions are obtained as a part of solution in an iter-
ative manner. In this analysis, the vessel was divided into thin
strips (i.e. cylindrical elements) over its thickness and the VMP
method was used to estimate the state of stress in the vessel. We

assumed that the metal has bilinear elastic–plastic response under
uniaxial loading with isotropic hardening behavior during unload-
ing. The metal has elastic modulus, Em = 56 GPa, tangent modulus,
Hm = 12 GPa, and yield stress under uniaxial loading, rm

y = 106
MPa – see Fig. 1A. The metal Poisson ratio, denoted by mm, was as-
sumed to be equal to 0.25. The thickness and internal radius of the
vessel are denoted by t and R, respectively. Fig. 1B and C shows the
residual hoop and radial stresses for a vessel with t/R = 1, respec-
tively, subjected to different autofrettage pressures denoted by P.
For low values of autofrettage pressure, the vessel behaves elasti-
cally over most of its sectional area during the loading phase of
the autofrettage process (i.e. applying the internal pressure) and
thus, the residual hoop stresses are considerable only close to the
inner surface (bore) of the vessel (e.g. see the results for
P = 50 MPa in Fig. 1B). In this case, the maximum residual hoop
stress is generally lower than the metal yield stress. By increasing
the autofrettage pressure, plastic deformation occurs over a larger
sectional area of the metal vessel during the loading phase. For
P = 100 MPa, the results show that the outer part of the metal ves-
sel, x/R > 0.8, deforms only elastically during the loading phase of
the autofrettage pressure, which manifests by a sudden change
in the slope of residual stress curve at x/R ffi 0.8. For P = 300 MPa,
the metal vessel deforms plastically over its entire cross section
during the loading phase. Note that there is very little difference
between the calculated residual hoop stresses in the inner part of
the metal vessel for P = 100 MPa and 300 MPa. The residual radial
stresses are compressive through the thickness of the vessel with
values that are generally much lower than the residual hoop stres-
ses as quantified in Fig. 1C.
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Fig. 2A summarizes the results of a parametric study on the in-
duced residual hoop stresses at the inner surface of the vessel with
different thickness to radius ratio. The residual hoop stress ap-
proaches zero for thin-walled vessels (i.e. small values of t/R) due
to the quasi-uniform distribution of the stresses through the vessel
thickness during the loading and unloading phases. For thicker ves-
sels, the value of the residual stresses reaches its maximum at a
critical t/R for each autofrettage pressure, which approximately
corresponds to the thickness at which the autofrettage percent is
100% (i.e. the vessel deforms plastically over its entire cross-sec-
tion area during the loading phase). For vessels thinner than the
critical thickness, the residual stress at the inner surface remains
constant by increasing the applied autofrettage pressure. For auto-

frettaged vessels with low values of autofrettage pressure (e.g.
P = 50 MPa in Fig. 2A), there is also a maximum thickness at which
the residual hoop stress in the vessel is non-zero since plastic
deformation does not occur in thicker vessels during the loading
phase. At a higher autofrettage pressure, a part of the vessel always
undergoes plastic deformation during the loading phase, leading to
non-zero residual stresses after unloading. The residual stress at
the inner surface of the vessel, first increases by increasing the ves-
sel thickness till the thickness reaches the critical thickness value
discussed above and then decreases by increasing the vessel thick-
ness, approaching zero as t/R ?1. A complementary set of calcu-
lations was carried out to study the role of metal hardening
characteristics on the induced residual stresses in an autofrettaged

Fig. 1. Autofrettage of a metal vessel. (A) Schematic of a thick metal vessel with internal radius R and thickness t, and metal material properties. (B and C) Residual hoop and
radial stresses along the thickness of a metal vessel with t/R = 1 for different autofrettage pressures.

Fig. 2. (A) Residual hoop stress at the inner surface of a metal vessel versus the normalized thickness of the vessel, t/R, for different autofrettage pressures. (B) Residual hoop
stress at the inner surface of a metal vessel with t/R = 1 versus the autofrettage pressure for different metal tangent moduli, Hm.
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metal vessel. The results of this study are summarized in Fig. 2B,
which shows that the maximum inducible residual stress is
remarkably decreased and is achievable at a higher autofrettage
pressure as the metal tangent modulus increases.

The above discussion clearly highlights a key limitation of auto-
frettaged metal vessels, which is its constriction by metal plasticity
behavior. Several techniques have been proposed to address this
limitation. Mughrabi et al. [12] and Feng et al. [13] proposed
low-temperature autofrettage of vessels and showed that higher
compressive hoop residual stress can be achieved by this tech-
nique. The key reason is that the stiffness and yield strength of me-
tal are higher at low temperature and the thermal strains
accumulated during warm up to room temperature elevates the
compressive stresses induced in the vessel. Combination of autof-
rettage and shrink fit [14–16] and re-autofrettage [17,18] have
been also used to enhance the performance of vessels.

In this paper, we explore an alternative approach from the
materials perspective. We considered two different vessels made
of layered and functionally graded composites and studied the
residual stresses in these vessels by the autofrettage process using
a numerical method that is an extension of the Variable Material
Properties (X-VMP). The developed method, which is introduced
in our previous paper [19] and discussed in details in Section 2, al-
lows us to analyze axisymmetric structures made of materials with
varying elastic and plastic properties with high fidelity and effi-
ciency. Our work complements the previous studies on axisym-
metric functionally graded structures, including rotating disks
with variable thickness [20], hollow cylinders subjected to internal
pressure and/or tangential tractions on the outer surface [21],
brake disks [22], and pressurized disks and cylinders [23].

Throughout this paper, the results based on finite element anal-
ysis are also provided to establish the validity of the X-VMP meth-
od using commercially available software, ABAQUS. The results for
the autofrettage of metal–ceramic layered composite vessels,
including bilayer and multi-layered vessels are presented in Sec-
tion 3. In Section 4, the autofrettage of functionally graded cera-
mic-reinforced composite vessels is investigated and a
parametric study is performed to obtain the near-optimized distri-
bution of ceramic particles, which results in a maximum residual
stress at the inner surface of the vessel. Conclusions are drawn in
Section 5.

2. Extended Variable Material Properties (X-VMP)

In this method, the structure (in this case a thick vessel) is di-
vided into infinitesimal elements, which are assumed to be made
of a homogenous material. For the vessel shown in Fig. 3, the mate-
rial behavior of an element located at a distance x from the inner
radius of the vessel is characterized with its elastic modulus and
Poisson ratio, denoted by E(x) and m(x), respectively, and a curve
that represents the plastic behavior of the element. The component
of strain tensor for this element, eij, is the summation of the elastic
part, ee

ij and the plastic part, ep
ij. The elastic part is given by:

ee
ij ¼

1þ mðxÞ
EðxÞ rij �

mðxÞ
EðxÞrkkdij ð1Þ

where dij is the Kronecker delta and the plastic part of the strain is
given by Hencky’s total deformation equation, ep

ij ¼ /ðxÞsij, where
sij ¼ rij � 1

3 rkkdij is the deviatoric stress, and / is a scalar function gi-

ven by / ¼ 3
2

ep

req
, where ep and req are the equivalent plastic strain

and equivalent stress, respectively. Considering the above relation-
ships, the total strain in the element can be written as,

eij ¼
1þ mðxÞ

EðxÞ þ /ðxÞ

� �
rij �

mðxÞ
EðxÞ þ

1
3

/ðxÞ
� �

rkkdij ð2Þ

Following the VMP method, we assume an elastic element lo-
cated at x, with an effective elastic modulus, Eeff ðxÞ, and an effective
Poisson ratio, meff ðxÞ, that has elastic strain components equal to
the total strain components of the elasto-plastic element presented
in Eq. (2). The component of strain tensor in this equivalent elastic
element is,

e�ij ¼
1þ meff ðxÞ

Eeff ðxÞ
rij �

meff ðxÞ
Eeff ðxÞ

rkkdij ð3Þ

Comparing Eqs. (2) and (3), the following relationships can be
obtained:

Eeff ðxÞ ¼
3EðxÞ

3þ 2EðxÞ/ðxÞ

meff ðxÞ ¼
3mðxÞ þ EðxÞ/ðxÞ

3þ 2EðxÞ/ðxÞ ð4Þ

Eliminating /ðxÞ from the above equations gives:

meff ðxÞ ¼
Eeff ðxÞð2mðxÞ � 1Þ þ EðxÞ

2EðxÞ ð5Þ

To obtain the stress distribution, first the state of stress in the
vessel is evaluated using theory of elasticity by assuming
Eeff ðxÞ ¼ EðxÞ and meff ðxÞ ¼ mðxÞ and considering that all elements
satisfy the requirements of equilibrium and compatibility at their
boundaries (i.e. interface with adjacent elements). Once the state
of stress in each layer is obtained, Eeff ðxÞ is updated for each ele-
ment based on the calculated equivalent (von Mises) stress, req,
using the projection method [11]. In this method, the equivalent
strain is obtained from the calculated equivalent stress using
eeq ¼ C�1ðreqÞ, where req ¼ CðeeqÞ is the stress–strain curve for
the material located at a distance x. Then, the value of the effective
elastic modulus is updated as Eeff ¼ req

eeq
. The effective Poisson ratio

for each element, meff ðxÞ, is obtained using Eq. (5). In the next step,
the state of stress in each element is re-calculated using the up-
dated values of effective elastic modulus and effective Poisson ra-
tio. This procedure is continued until the convergence is achieved.
The numerical procedure gives a close estimate of the elasto-plas-
tic stresses in the structure.

For the case of a pressurized hollow cylinder, the governing
elastic equations – known as Lamé’s equations – provide the elastic
solution in each step for an equivalent vessel [24]. According to
Lamé’s equations, for each thin strip located at x, the inside and
outside displacements, ux and ux + dx, are related to the inside and
outside pressures, px and px + dx, by the following relations:

C11;x C12;x

C21;x C22

� ��1 ux

uxþdx

� �
¼

px

pxþdx

� �
ð6Þ

where for the plane strain condition:

C11;x ¼
1þ meff ðxÞ

Eeff ðxÞ
ðRþ xÞ3

ðRþ xþ dxÞ2 � ðRþ xÞ2

� 1� 2meff ðxÞ þ
ðRþ xþ dxÞ2

ðRþ xÞ2

 !

C12;x ¼ �2
ð1þ m2

eff ðxÞÞ
Eeff ðxÞ

ðRþ xÞðRþ xþ dxÞ2

ðRþ xþ dxÞ2 � ðRþ xÞ2

C21;x ¼ 2
ð1� m2

eff ðxÞÞ
Eeff ðxÞ

ðRþ xÞðRþ xþ dxÞ2

ðRþ xþ dxÞ2 � ðRþ xÞ2

C22;x ¼ �
1þ meff ðxÞ

Eeff ðxÞ
ðRþ xþ dxÞ3

ðRþ xþ dxÞ2 � ðRþ xÞ2

� 1� 2meff ðxÞ þ
ðRþ xÞ2

ðRþ xþ dxÞ2

 !
ð7Þ
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where R and x are the inner vessel radius and the distance of the
element from the inner surface of the vessel, respectively – see
Fig. 3A. The governing equation is obtained by assembling Eq. (6)
for all elements with x ranging from 0 to t. Solving this set of equa-
tions gives the displacement field in the vessel induced by the ap-
plied pressure. Once the displacement field is obtained, the radial
and hoop stresses can be determined from the Lamé equations for
the hollow cylinder, by using Eqs. (6) and (7).

The autofrettage problem also requires finding the unloading
solution of the FGM vessels. The unloading solution is analogous
to loading except that each element has a specific nonlinear

unloading behavior which depends on the element’s equivalent
stress at the onset of unloading and also the material hardening
behavior (e.g. isotropic hardening or kinematic hardening). It
should be noted, since the material in each element undergoes
plastic deformation in the loading phase, an updated stress–strain
curve should be considered for each layer in the unloading phase.
Once the loading and unloading stresses are calculated based on
the method outlined above, the residual stress field can be esti-
mated by superposing the loading and unloading stress solutions.
In the X-VMP results presented in the following sections, we as-
sumed that the metal–ceramic composite is locally isotropic, yields

Fig. 3. Schematic of a vessel with varying material property. The figure shows the displacements and pressures interacting between adjacent thin elements as the vessel is
subjected to an internal pressure.

Fig. 4. Autofrettage of a bilayer metal–ceramic vessel. (A) Schematic of a bilayer vessel and the corresponding stress strain curves of metal and ceramic. (B) Residual hoop and
radial stresses through the thickness of an autofrettaged vessel with for P = 100 and 300 MPa. In this set of results t/R = 1and tc/t = 0.1.

1816 B. Haghpanah Jahromi et al. / Composite Structures 92 (2010) 1813–1822
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according to the von Mises criterion and follows isotropic harden-
ing behavior during unloading.

3. Autofrettage of metal–ceramic layered composite vessels

We considered three different configurations of multi-layer
metal–ceramic vessels: (1) bilayer vessel consisting of a ceramic
layer attached to the outer surface of a metal layer, (2) trilayer
vessel, where the middle layer is ceramic and the inner and out-
er layers are metal and (3) layered vessels consisting of two
ceramic layers and two metal layers, with one ceramic layer al-
ways located at the outer surface of the vessel. First, we discuss
the results for a bilayer vessel with internal radius, R, and thick-
ness, t, where a ceramic layer with thickness tc is bonded to the
outer surface of a metal layer (with thickness t–tc) – see Fig. 4A.
This configuration is particularly of interest since the ceramic
layer at the outer surface of the vessel may provide enhanced
oxidation, corrosion and wear resistance and thermal insulation
[25–32]. In the results presented in this section, the metal layer
was assumed to have bilinear elastic–plastic behavior with
material constants as given in Fig. 1. The ceramic was assumed
linear elastic with elastic modulus that varied systematically be-
tween 5.6 GPa and 560 GPa (i.e. 0.1 < Ec/Em < 10, where Ec de-
notes the ceramic elastic modulus) with constant Poisson ratio
0.25.

The distribution of residual hoop and radial stresses along the
thickness of a bilayer vessel with t/R = 1 and tc/t = 0.1 is shown in
Fig. 4B for P = 100 MPa and 300 MPa. Finite element results for the
residual hoop stress at P = 100 MPa are also plotted which shows a
good agreement with the numerical results obtained based on the
X-VMP method. The finite element models were meshed using
two-dimensional, 8-node quadrilateral elements and mesh sensi-
tivity analysis was performed to assure that the results are not
sensitive to the element size. ABAQUS standard solver with the
plane strain and small deformation condition was used to simu-
late the response of the vessel during the autofrettage process.
The results for the bilayer vessel subjected to a pressure
100 MPa is not considerably different from the results for a metal
vessel counterpart presented in Fig. 1B. However, a significant dif-
ference exists between the residual stresses induced by the autof-
rettage in the metal, and bilayer vessels at a pressure 300 MPa.
First, the compressive residual hoop stress at the inner surface is
much higher in the bilayer vessel compared to its metal vessel

counterpart. Second, the compressive residual hoop stress is in-
duced over a larger depth of the bilayer vessel compared to the
metal vessel (i.e. for the bilayer vessel, the whole metal layer is
under compressive residual hoop stresses, while for the metal
vessel the compressive residual hoop stress is induced only at
x/R < 0.45). The residual radial stresses at P = 300 MPa are also
much higher for this configuration compared to a metal vessel
counterpart.

The effect of vessel thickness to inner radius ratio on the value
of residual hoop stresses induced at the inner surface of an auto-
frettaged vessel is presented in Fig. 5A for various autofrettage
pressures. In this set of results, the ratio of the ceramic layer thick-
ness to vessel thickness, tc/t, is kept constant and equal to 0.1. The
finite element results are also provided for the autofrettage pres-
sure of 100 MPa, which again shows a good agreement with the re-
sults obtained using X-VMP method. Unlike uniform metallic
vessels, decreasing the overall thickness of vessel results in an in-
crease in the induced compressive residual hoop stress, Fig. 5A. Fi-
nally, we studied the role of the relative stiffness of the ceramic to
metal layer, Ec/Em, on induced residual hoop stresses at the inner
surface of a bilayer vessel, Fig. 5B. By increasing the relative stiff-
ness of ceramic layer, the residual hoop stress increases signifi-
cantly for autofrettage pressures larger than approximately
100 MPa. Also, unlike metal vessels, bilayer vessels show no limit
in the induced residual hoop stress as the autofrettage pressure
is increased.

In the next step, we considered a trilayer metal–ceramic ves-
sel, where one ceramic layer with thickness tc is located inside
the vessel at distance xc from the vessel inner surface, as shown
schematically in Fig. 6A. Fig. 6B shows the distribution of residual
hoop and radial stresses along the thickness of a vessel with
t/R = 1 and tc/t = 0.1, for P = 300 MPa. The residual hoop stress at
the inner surface of the vessel is higher for vessels with the cera-
mic layer closer to the vessel inner surface. In addition, the resid-
ual stresses in the ceramic layer are always tensile since the
structure expands during loading and the elastic ceramic layer
cannot return to its original size after unloading. The residual ra-
dial stress in the inner metal layer is compressive and changes
abruptly in the ceramic layer. Depending on the location of the
ceramic layer, the residual radial stress in the outer metal layer
could be tensile, compressive or changes from tensile at the outer
surface of the ceramic layer to compressive, as quantified in
Fig. 6B for several different values of xc/t. We have confirmed

Fig. 5. (A) Residual hoop stress at the inner surface of a bilayer vessel with tc/t = 0.1 versus the normalized thickness of the vessel, t/R, for different autofrettage pressures.
(B) Residual hoop stress at the inner surface of the vessel with t/R = 1 and tc/t = 0.1 versus the autofrettage pressure for different values of Ec/Em.
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these results using finite element analysis – the results are not
shown here for the sake of brevity. Fig. 6C shows the dependence
of the residual hoop stress at the inner surface of the vessel on the
autofrettage pressure for the trilayer vessel configuration. The re-
sults are plotted for several values of xc/t. One set of finite element
results for xc/t = 0.55 is also provided for validation. Similar to the
case of bilayer vessels, trilayer vessels show no limit in the in-
duced residual hoop stress by increasing the autofrettage
pressure.

Finally, we considered a layered metal–ceramic vessel consist-
ing of two metal layers and two ceramic layers. In the calculation
performed for this configuration, one ceramic layer is always lo-
cated at the outer surface of the vessel, while the other ceramic
layer is located at a distance xc from the vessel inner surface, as
shown schematically in Fig. 7A. The calculations carried out in
Fig. 6 for trilayer vessels are repeated for this configuration and
the results are summarized in Fig. 7B and C. The results are con-
sistent with the results of the trilayer vessels: First, by moving the
inner ceramic layer towards the inner bore of the vessel, the hoop
residual stress at the inner surface of the vessel increases. Second,
there is no limit in the induced residual hoop stress by increasing
the autofrettage pressure. The distribution of the residual radial
stress is also qualitatively similar to the results obtained from
the analysis of trilayer vessels.

For the layered composite vessel configurations studied, the
ceramic layer is subjected to a significant residual tensile stress
through its thickness. This is clearly the key disadvantage of this
configuration since ceramics are generally brittle and high
residual tensile stresses could lead to immature failure of the cera-
mic layer. In Section 4, we explore the residual stresses in an auto-
frettaged vessel made of functionally graded metal–ceramic
composite, which indeed eliminates the shortcomings outlined
above for bilayer, and in general layered, composite vessels.

4. Autofrettage of functionally graded composite vessels

FGMs, while offering the advantages of composites, avoid the
negative effects of abrupt changes in the material constituent
due to the monotonous variation in their composition. In our pre-
vious study, we demonstrated the potential application of FGM for
designing autofrettaged vessels [19]. Our work suggests that rein-
forcement of metal vessels with ceramic particles with an increas-
ing volume fraction through its radius – even in small quantities –
increases the compressive stresses induced by the autofrettage
process. The calculated residual stresses also do not exhibit the
abrupt change observed in the layered metal–ceramic composite
vessels discussed in Section 3. Here, we extend our previous study

Fig. 6. Autofrettage of trilayer metal–ceramic vessel. (A) Schematic of a metal–ceramic–metal vessel, where tc is the thickness of the ceramic layer and xc is the distance of the
outer surface of the ceramic layer from the inner radius of the vessel. (B) Residual hoop and radial stresses through the thickness of an autofrettaged vessel for P = 300 MPa
and different xc/t. (C) Residual hoop stress at the inner surface of the vessel versus the autofrettage pressure for different xc/t. In this set of results t/R = 1 and tc/t = 0.1.
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by carrying out parametric studies to highlight the role of ceramic
particle strength and spatial distribution on the residual stresses in
the autofrettaged FGM vessel and to also achieve the near-opti-
mized ceramic particle distribution that leads to maximum in-
duced residual stress at the inner surface of the FGM vessel.
Similar to Section 3, we assume that the metal has bilinear elas-
tic–plastic behavior and the ceramic has linear elastic behavior
with material constants presented in Section 3. The elastic modu-
lus of the metal–ceramic composite, Ecomp, the overall flow
strength of the composite corresponding to the onset of plastic
yielding, rcomp

y and the tangent modulus of the composite, Hcomp,
which represents its strain hardening behavior, can be calculated
using the modified rule of mixture for composites [33] – see
Fig. 8A.

Ecomp ¼ ð1� f Þ qþ Ec

qþ Em

� �
þ f

� ��1

� ð1� f ÞEm
qþ Ec

qþ Em

� �
þ fEc

� �

rcomp
y ¼ rm

y ð1� f Þ þ qþ Em

qþ Ec

� �
� Ec

Em
� f

� �

Hcomp ¼ ð1� f Þ qþ Ec

qþ Hm

� �
þ f

� ��1

� ð1� f ÞHm
qþ Ec

qþ Hm

� �
þ fEc

� �
ð8Þ

where f denotes the volume fraction of the ceramic particles.
Finding the composite material constants required having parame-

ter q, which is the ratio of stress to strain transfer that defines the
metal/ceramic composite behavior [33]. In all the results presented
here, the ratio q

Ec
is taken as 0.86 based on the micro-indentation

experiments by Gu et al. [34]. In this study, the ceramic particle
reinforcement is taken to be constant in the circumferential direc-
tion and to have a volume fraction that varies from 0 at the inner
surface to f0 at the outer surface according to, f ðxÞ ¼ f0

x
t

� 	
, where n

is the reinforcement distribution exponent. In this case, f0 = 0 de-
notes a metal vessel and n = 0 denotes uniformly-reinforced me-
tal–ceramic vessel. The average volume fraction of the ceramic is
fave ¼ 2f 0 ðR=ðnþ 1Þ þ t=ðnþ 2ÞÞ=ðt þ 2RÞ.

In Fig. 8B, the distribution of residual hoop stress through the
thickness of FGM vessels with different reinforcement coefficients,
f0, are plotted. In this set of results, the average volume fraction of
the ceramic is kept constant as fave ¼ 0:4 (i.e. the vessels have dif-
ferent reinforcement distribution exponents). Finite element re-
sults for the case of f0 = 1 is also plotted which is in good
agreement with the numerical solution. For modeling the FGM ves-
sels, the vessel was divided to forty circular layers with equal
thickness. It was assumed that each layer has uniform elastic mod-
ulus, tangent modulus and yield stress, which were calculated at
the center of the layer using Eq. (8). We checked that increasing
the number of layers through the thickness of the vessel does
not yield any considerable change in the results. Similar to the

Fig. 7. Autofrettage of a multi-layer metal–ceramic composite vessel. (A) Schematic of the composite vessel, where tc2 is the thickness of the ceramic layer located at xc and tc1

is the thickness of the ceramic layer bonded to the outer surface of the vessel. (B) Residual hoop and radial stresses through the thickness of an autofrettaged vessel for
P = 300 MPa and different xc/t. (C) Residual hoop stress at the inner surface of the vessel versus the autofrettage pressure for different xc/t. In this set of results, t/R = 1 and
tc1/t = tc2/t = 0.05.
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models created for layered composite vessels, the models were
meshed using two-dimensional, 8-node quadrilateral elements
and mesh sensitivity analysis was performed to assure that the re-
sults are not sensitive to the element size.

The results show that the induced residual stress at the inner
surface of the uniformly-reinforced vessel is lower than the resid-
ual stress in the autofrettaged metal vessel counterpart. However,
non-uniform reinforcement of the metal vessel with ceramic parti-
cles could lead to remarkably higher residual stresses as quantified
in Fig. 8B for FGM vessels with f0 = 0.6, 0.8 and 1. In this set of cal-
culations, the residual stress at the inner surface of the FGM cylin-
der with f0 P 0.6 is almost constant, however, the distribution of
the residual stress through vessel thickness is sensitive to f0 (note
that the average volume fraction is kept constant). In Fig. 9A, we
have expanded these results for vessels with different ceramic par-
ticle distributions. The residual hoop stress at x = 0 (inner surface)
is plotted against the ceramic average volume fraction, fave, for the
autofrettage pressure of 300 MPa. For each set of calculations, f0 is
kept constant and the ceramic average volume fraction is increased
from 0 to f0 (i.e. 0 < fave 6 f0, where fave = f0 corresponds to a uni-
form ceramic particle distribution). The results show different dis-
tributions of ceramic particles that could lead to maximum
induced residual stress at the vessel inner surface. For example,
for f0 = 1, the maximum achievable residual stress at the inner sur-
face of the vessel is 318 MPa, which is achieved for fave = 0.65
(which corresponds to the distribution exponent, n = 0.67). In gen-
eral, increasing the ceramic particle volume fraction at the outer
surface of the vessel elevates the maximum achievable residual
stress. Fig. 9B shows the maximum achievable residual stress at

the vessel inner surface normalized by the autofrettage pressure
versus fave for different autofrettage pressures. Fig. 9C shows the
optimum ceramic particle distributions for each autofrettage pres-
sure that leads to the highest value of residual compressive stress
at the inner surface of the vessel. For high values of ceramic aver-
age volume fraction, the optimum distribution is achieved, when
the outer surface has no metal content and is fully made of ceramic
(i.e. f0 = 1). This optimum distribution is the same for autofrettage
pressure of 200 MPa and higher and is achieved at f opt

0 � 1.66 fave

for fave < 0.6 and at f opt
0 = 1 for higher values of fave. Finally, In

Fig. 10, we investigated the effect of ceramic particles stiffness
on the maximum achievable compressive residual stress in an
autofrettaged vessel. Fig. 10A shows the maximum achievable
residual stress calculated for various ceramic particles stiffness
and average volume fractions for P = 300 MPa. The range of cera-
mic stiffness considered in this study is 0.1 6 Ec/Em 6 10. The
near-optimized distribution of ceramic particles depends on the
ceramic stiffness as quantified in Fig. 10B for P = 300 MPa. The
exception is for high values of ceramic average volume fraction,
where the optimum distribution is f opt

0 = 1, independent of the
ceramic stiffness.

5. Conclusions

In this paper, we investigated the residual stresses induced by
autofrettage process in layered and functionally graded composite
vessels. The calculations were carried out using X-VMP method
and validated in several cases using finite element calculations.
Our study showed that the induced residual stress at the inner sur-
face of composite vessels with above configurations could reach
much higher values compared to a metal vessel counterpart
depending on the properties of composite constituents. However,
it should be emphasized that only a theoretical model for evalua-
tion of residual stresses was offered here and further studies are
needed to effectively evaluate the residual stresses induced in
the vessel during the autofrettage process and its impact and rela-
tionship with the vessel reliability and service life. The provided
theoretical model does not account for the failure of the material,
and thus, the results are valid only prior to material constituents’
failure. Many ceramics undergo brittle failure at small strains
and thus, the provided results and conclusions might only be valid
for internal pressures lower than the values studied here. Another
concern for layered ceramics is the layer interface strength and
failure, which is not accounted in the current theoretical study.
As discussed, the uncertainties and failure concerns associated
with the layered composites are avoided by using functionally
graded composites. However, the addition of the ceramic content
in the autofrettage vessel may result in new and unpredictable fail-
ure modes – and thus, further studies are required to validate the
key conclusions of the this investigation.

A parametric study was also carried out in this article to find
the optimized ceramic particle distribution that produces the
maximum compressive residual stresses at the inner bore. The
near-optimized configurations of composite vessels were pre-
sented for several cases and insight was provided about the rela-
tionship between ceramic particle distribution and the induced
residual stresses in an autofrettage process. Several techniques,
such as powder processing [35–36], thermal spraying [37] and
physical and chemical vapor deposition [38], have been developed
for fabricating various functionally graded materials and their
applicability are demonstrated for several cases. However,
the lack of robust techniques for manufacturing these novel mate-
rials has decelerated their technological applications in the last
decade and imposes a fundamental challenge to the materials
community.

Fig. 8. Autofrettage of a functionally graded ceramic-reinforced metal composite
vessel. (A) Schematic of the vessel and the modified rule of mixtures used to
estimate the behavior of ceramic-reinforced metal composite based on the ceramic
volume fraction in composite. (B) Residual hoop stress in composite vessels with
different ceramic distributions coefficient, f0, but constant ceramic average volume
fraction fave ¼ 0:4 and also in an all metal vessel are shown. In this set of results,
t/R = 1 and P = 300 MPa.
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Fig. 10. Role of ceramic stiffness. (A) Maximum achievable residual stress at the vessel inner surface normalized by the autofrettage pressure versus the ceramic average
volume fraction for different ceramic to metal stiffness ratios. (B) Optimum ceramic distributions, which results in a maximum residual stress at the inner surface of the
vessel for different ceramic to metal stiffness ratios.

Fig. 9. Optimization of a functionally graded ceramic-reinforced metal composite vessel. (A) Residual hoop stress at inner surface of the vessel versus the ceramic average
volume fraction, fave, for different reinforcement distribution coefficients, f0. Autofrettage pressure is P = 300 MPa. (B) Maximum achievable residual stress at the vessel inner
surface normalized by the autofrettage pressure versus the ceramic average volume fraction for different autofrettage pressures. (C) Optimum ceramic volume fraction
coefficient versus the ceramic average volume fraction for different autofrettage pressures.
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