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ABSTRACT

The effect of an asymmetric distribution of asperity heights is
accounted for in a recently developed scale-dependent multi-
asperity model of contact and friction. A Weibull distribution
of asperity heights is used which allows the skew and kurtosis
to be varied, but not independently of each other. The contact
and friction model used includes the effects of adhesion and of
scae-dependent friction. The results obtained demonstrate that
positive/negative skew decreases/increases both the friction
coefficient and its dependence on the magnitude of the normal
load.

INTRODUCTION

Contact and friction affect the operation of many machines and
tools that we use every day, as well as some of the most basic
activities in nature. Examples range from belt drives, brakes,
tires, and clutches in automobiles and in other machines; gears,
bearings and seals in a variety of mechanical systems; electrical
contacts in motors; slider-disk interactions in a computer disk
drive; various MEMS devices; a robotic manipulator joint; the
motion of a human knee-joint (natural or artificial); and
walking/running.

The friction force F is the tangential force resisting the relative
motion of two surfaces which are pressed against each other
with a normal force P. Amontons, in 1699, and Coulomb in

1785, developed our phenomenological understanding of dry
friction between two contacting bodies. Amontons-Coulomb
friction states that the ratio of the friction force (during sliding)
to the normal force is a constant called the coefficient of kinetic
friction. Similarly the coefficient of static friction is the ratio
of the maximum friction force F that the surfaces can sustain,
without relative motion, to the normal force. These friction
laws can be summarized by defining the coefficient of friction
m as

F
=— 1
mP (1)

without distinguishing between static and low-speed sliding
friction. Although Eqgn. (1) provides an extraordinarily simple
phenomenological friction law, the nature of the friction force
is not well-understood.

Contact modeling is an essential part of any friction model. It
consists of two related steps. First, the equations representing
the contact of a single pair of asperities are determined. For
nanometer scale contacts the effect of adhesion on the contact
area is important. Second, the cumulative effect of individual
asperity contacts is determined. Such contact models are
uncoupled and represent surface roughness as a set of
asperities, often with statistically distributed parameters. The
effect of each individual asperity contact is loca and
considered separately from the other asperities; the cumulative
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effect is the sum of the actions of individual asperities (e.g. the
well-known Greenwood Williamson model, [1]).

For sufficiently small size contacts, the adhesion forces
between the surfaces affect the contact conditions. Various
adhesion models, typically between an elastic sphere and a flat,
have been introduced. The model by Johnson, Kendall and
Roberts (JKR) assumes that the attractive intermolecular
surface forces cause elastic deformation beyond that predicted
by the Hertz theory, thereby producing a subsequent increase of
the contact area [2]. The mode by Derjaguin, Muller and
Toporov (DMT), on the other hand, accounts for the adhesive
stress outside of the contact area, but assumes that the contact
stress profile remains the same as in the Hertz theory [3]. Due
to the assumptions involved, the JKR/DMT models are most
suitable when the range of surface forces is small/large
compared to the elastic deformations, as pointed out by Tabor
[4]. Another model, introduced by Maugis [5], describes a
continuous transition between the JKR and DMT models.

Contact and friction nodels which deal with adhesion in multi-
asperity contacts have also been developed. In the first of a
series of papers Chang, Etsion and Bogy (CEB) [6] developed
an elastic-plastic multi-asperity contact model for normal
loading based on volume conservation of a plastically deformed
asperity control volume. In [7], the effect of adhesion was
included by using the DMT model for contacting asperities and
the Lennard-Jones potential between non-contacting asperities.
Finally a model for calculating the coefficient of friction was
givenin [8]. It assumed that once plastic yielding isinitiated in
apair of contacting asperities, no further tangential force can be
sustained. Fuller and Tabor [9] investigated the effect of
roughness on the adhesion between elastic bodies. Experiments
were conducted between rubber spheres and a hard flat surface
with controlled roughness. A theoretical model which used the
JKR model of adhesion along with a Gaussian distribution of
asperity heights was devel oped.

Stanley, Etsion and Bogy (SEB) [10] developed a model for the
adhesion of two rough surfaces, affected by sub-boundary layer
lubrication, in an elastic-plastic multi-asperity contact.
Polycarpou and Etsion [11] used the SEB model to predict the
static friction coefficient. The tangential load was found using
the same procedure as in the CEB model [8] for solid-solid
contact. Kogut and Etsion developed multi-asperity contact
[12] and friction models [13] which included the effects of
plastic deformation. The maximum shear load that an asperity
can sustain is limited by the combined normal and shear |oad
which causes the plastic deformation zone to reach the surface.
Thus the friction analysis [13] predicts higher friction than the
related work in [8].

The scale dependence of the friction stress for single asperity
contacts has recently been investigated by Hurtado and Kim
(HK), [14,15]. They presented a micromechanical dislocation
model of frictional slip between two asperities for a wide range
of contact radii. According to the HK mode, if the contact
radius “a” is smaller than a critical value, the asperities slide
past each other in a concurrent slip process where the adhesive
forces areresponsible for the shear stress; hence the shear stress
remains at a high constant value. On the other hand, if the
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Figure 1. Relationship between friction stress and
contact radius according to HK model.

contact radius is greater than that critical value, the shear stress
decreases for increasing values of contact radius until it reaches
a second constant, but lower value. The relationship between

the non-dimensional friction stress (f; =t, /G *) and the

non-dimensional contact radius (@a=a/b) is approximated in
Fig. 1. The contact radius “a” is normalized by the Burgers

vector b and the friction stress t; is normalized by the

effective shear modulus G =2G,G,/(G,+ G,) where G; and G,
are the shear moduli of the contacting bodies. Adams, M Uftd,
and Mohd Azhar (AMM), [16] incorporated the HK model and
the adhesion contact model of Maugis, into a statistical multi-
asperity model for contact and friction. The relationship
between the friction force and the normal load between two
rough surfaces during a slip process was determined. Three key
dimensionless parameters representing the surface roughness,
the friction regime of the contacts, and the surface energy of
adhesion, were seen to influence the value of the friction
coefficient.

The previously cited works used a Gaussian distribution of
asperity heights. The effect of asymmetry in the height
distribution has been accounted for by a few authors. Kotwal
and Bhushan [17] modeled this effect and found that there are
load-dependent optimal values of skew and kurtosis which
minimize the real area of contact. McCool [18] extended the
GW model by using a Weibull distribution of asperity heights
and by including the effect of a surface coating. The multi-
asperity elastic-plastic CEB contact model was generalized to
include a Weibull distribution by Yu and Polycarpou [19].
Skew was found to greatly affect the relation between the force,
contact area, and the number of contacting asperities

In this paper the effect of an asymmetric distribution of asperity
heights is accounted for in the recently developed AMM scale-
dependent multi-asperity model of contact and friction. A
Weibull distribution of asperity heights is used which allows
the skew and kurtosis to be varied, but not independently of
each other. The contact and friction model used includes the
effects of adhesion and of scale-dependent friction. The results
demonstrate that positive/negative skew decreases/increases
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both the friction coefficient and its dependence on the
magnitude of the normal load.

DEVELOPMENT OF THE ASYMMETRIC MODEL
Contact Model

The scale-dependent multi-asperity contact and friction model
developed by Adams, Miiftl, and Mohd Azhar [16] will be
extended to include asymmetric asperity height distributions.

For two real surfaces separated by a distance d (defined from
the mean of asperity heights) the number of contacting
asperitiesn is

¥
n=Ng (2)dz o)
d

where N is the total number of asperities, s is the standard
deviation of asperity peak heights, z=1z/s is the
dimensionless height coordinate measured from the mean of
asperity heights, f (Z) is the probability density of asperity
peaks, and d =d/s isthe non-dimensional separation between
the two surfaces (Fig. 2).

A
z X W Flat surface of upper body

dl

4

!
Ea
A
gEY
=

g

Mean of asperity heights

Mean of surface heights

Figure 2. Contact of arough surface (lower body) with a
flat surface (upper body).

The relation between the normal load P and deformation

U = z - d of two contacting spherical asperities with adhesion
is given by the Maugis model [5]. In that model, a uniform
tensile stress s | exists between the contacting asperities just

outside the contact zone, a £r £ Cc, where ¢ is the radid
extent of the adhesion zone. The separation between the two
surfaces at r = cis equal to the prescribed maximum adhesion
distance h. Thus the work of adhesion is given by w=s h.

In [5] the following non-dimensional relations among the
asperity contact radius @y), the asperity contact force Py),

and the asperity deformation (Dy) were obtained

e s (L

2

2a \
+%g m? - 1tan™ 1y m?- 1- m+1E:1

©)
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D,, =AM2-2AN| AJmz-1 5)

where | is the non-dimensional Maugis adhesion parameter,
and m is the non-dimensional adhesion radius. The various
non-dimensional quantities used in the Maugis model are
defined as

AM _ = K _0,1/3 o % R 1/3
&WR' g "Gk’ g

C P &K 8" ©
m==, B,=——, D, = :
a’ " pwR M &p2wWRy

where K = (4/3) E'.

The simultaneous solution of Egs. (3)—(5) gives the relations
between m, Py, Ay and Dy for agivenvalueof | . In practice it
is convenient to vary m and solve the resulting quadratic
equation for the only positive root Ay in (3). Then (4) and (5)
can be solved explicitly for Py and Dy respectively. The non-
dimensional Maugis adhesion parameter | is expressed in terms
of the surface roughness parameter a, the friction regime

parameter b, the surface energy of adhesion parameter g the
maximum adhesion distance h, and the Burgers vector b, as

= @O&ngz .9‘1/3 (7)
&hog2pa 5

where the three key parametersa, b and g are

1/2 1/2
S0 — (RS ) = w . 8
a= gEB ’ b b ’ g E*b ( )

A physical interpretation of the surface parameters a and b is
provided by noting that in a simple vertical scaling of the
surface by a factor k, the standard deviation of asperity heights
s isscaled by k but the asperity radius of curvature Ris scaled
by 1/k. Thus, a is scaled by k, but b remains constant. Hence
a is arepresentation of the surface roughness, and is referred to
as the surface roughness parameter. The parameter b describes
the ratio of the contact radius (due to an asperity penetration
equal to s ) to the Burgers vector length. Thus small b are
expected to be indicative of nano-scale asperity contacts and
progressively larger values of b correspond to transition and
larger values of the contact radius (Fig. 2). Therefore b is
referred to as the friction regime parameter. The surface
energy parameter g represents the ratio of the adhesive stress
to the product of the composite Young’'s modulus and the
Burgers vector.
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It is further noted that for the case considered here,*in which
one of the surfaces is assumed to be rigid and flat, G =2G and
the composite Young's modulus is given by E' = E/(l- n2).
Furthermore the relation G=E/2(1+n) has been used in
obtaining (7).

The non-dimensional contact radius, normal load, and asperity
penetration used in the Maugis model (Av, Pv and Dy,
respectively) can be expressed in terms of the corresponding
non-dimensional  parameters defined in this work

(@ P, U=uls , respectively) according to

u=D,d, P=R, /P a=A,/A 9)
where
213 5 A 23
~ ®3pg 6 s (I-nJa? . €4 amol
d=c . | B= L A=e 27
§4a°b 5 2pbg 630 &b 5

An expression for the non-dimensional normal force P acting
on the nominal contact area is obtained by integrating the
normal force on individual asperities from the Maugis model
(Pw), i.e

LS

P=>CRf (Z)dz (10)

o) -
Qf
<!

It is noted that due to adhesion, asperities may come into
contact even if the asperity overlap u is negative. This effect
has been included in the evaluation of the integralsin Egs. (2)
and (10) by varying the adhesion radius ratio min Egs. (3)—(5)
when evaluating the force and contact area. Thus the lower
limits of the integrals in Egs. (2) and (10) are effectively

slightly lessthan d.

Friction Model

Although adhesion affects the relationship between the
normal force and the contact radius, it does not affect the
relation between the friction force and contact radius. From
Fig. 1, the dimensionless shear stress is a function of the
dimensionless contact radius and is approximated by

i logty, a<a
Iog(t_f)z_:’_MIog§+B, a <a<a,

| _—- =

i logry,, a>a (11)

where the left and right limits of region-2 are (gi,t‘fl) and

(ﬁszz) respectively. The constants of Eq. (11) are given by

M =- ('Og(ra/t_fz)]/ (log(2/a,)) (12)
B=(log(r, )log() - log(r;,)log(a)) /(109(5./3))
where M and B are, respectively, the slope and y-intercept of

the line in region-2 of the log-log plot of Fig. 1. The friction
force F acting on a single asperity can be determined from Eq.

(11) by using F, =pa? ; resultingin

i a’ a<g
I:f ! B —M+2 — J
=710°aM*?, a <a<a, (13)
G*b?
} r.a, a>a,

The total shear force F acting on the nominal contact area can
be calculated by integrating the shear forces acting on each
asperity against the probability density function, i.e.

¥
F=NgFf (z)dz. (14)
d

It is noted that for values of the applied tangential force F less
than that given by Eq. (14), the distribution of tangential and
normal forces among the asperities may cause some asperities
to slip while others continue to stick. However when F reaches
the value given in Eq. (14) all contacting asperities will slide
resulting in global dlip. In non-dimensional form, the force per

asperity (F) becomes, using Egs. (13-14)

F
NGb?

Z
F= =2p §,af (z)dz +
d

(15
2 éloBaM % (Z)dz+2p o IR: K (Z)dz
Z Z

Thus, the coefficient of friction p for two real surfaces

separated by a distance d , can be obtained from Egs. (1), (10),
and (15).

Weibull Distribution

In [16] a Gaussian distribution of asperities heights was
assumed. In this paper we investigate the effect of asymmetry
by using a Weibull function, i.e.

w2l W
wWe (@)
——¢

f(2)= x

, 2>0 (16)

to represent the asperity height distribution. For this two-
parameter Weibull function the mean (zy), standard deviation
of asperity heights (s), skew (S), and kurtosis (K) are given by
intermsof thetwo Weibull parameters (w,h), [20].

The Weibull distribution variable ( Z ) isthen shifted by
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z=2- 2y, 2y =hB,, B :G(1+£), an

where G is the gamma function, so that z= 0 correspondsto the
mean of asperity heights.

Furthermore using the non-dimensional variable (z=2z/s)

f(z)=wC"z"%e€2" C=(B,- B)Y? (18)

is obtained. Note that this form of the Weibull distribution

depends on only one parameter (w) and that Z=0
corresponds to the mean of asperity heights. The skew,
standard deviation, and kurtosis are given by

S=(B,- 3B,B, +2B})/C?,
s =hC (19)
K = (B, - 4B;B, +6B,B7 - 3B;')/C*

respectively. It follows that these non-dimensional quantities
also depend only on the parameter w. As w is varied both the
skew and kurtosis change. However it isnot possible to change
the skew without also changing the kurtosis as indicated by
Eqgn. (19).

RESULTS AND DISCUSSION

Results have been obtained for the friction coefficient as a
function of thenormal load, for various values of the skew (S')
and the three key parameters (a,b,g defined in the AMM
model.  Figure 3 shows the effect of skew for the default
values (a = 0.01, b = 1000, g = 0.001) used in [16].
Positive/negative skew is seen to decrease/increase both the
friction coefficient as well as its variation with normal load.
This result is due to negative skew causing more asperities to
be above the mean of asperity heights than below.
Correspondingly there is less of a variation in height
distribution for the z > O portion than for z < 0. The more
lightly loaded the contact, the smaller is the fraction of the
Weibull distribution which is in contact. Thus the asymmetry
in the height distribution causes the surface to appear as if its
roughnessis reduced for lightly loaded contacts.

Figures 4, 5, and 6 show similar results for a lower value of the
surface roughness parameter (a = 0.006), for a lower value of
the friction regime parameter (b = 500), and for ahigher value
of the adhesion parameter (g = 0.002) respectively. The
smoother surface shows a greater effect of skew than the
rougher one.  This result may be expected based on the
previous discussion. The effect of areduction of the friction
regime parameter is to increase friction for the Gaussian
distribution. However as the skew decreases to the value of -1
the effect of b on friction decreases. The effect of an increase
in the surface energy parameter is to increase friction for both
positive and negative skew values.
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Figure 3. Coefficient of friction vs. normal load for
various skew and a = 0.01, b = 1000, g= 0.001
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Figure 4. Coefficient of friction vs. normal load for
various skew anda = 0.006, b = 1000, g= 0.001
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Figure 5. Coefficient of friction vs. normal load for
various skew anda = 0.01, b = 500, g= 0.001
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Figure 6. Coefficient of friction vs. normal load for
various skew anda = 0.01, b = 1000, g= 0.002

It is noted that the friction results for the Gaussian distribution
do not correspond exactly to the zero skew case of the Weibull
distribution. This differenceis because the Weibull distribution
only approximates a Gaussian distribution. For lightly loaded
contacts the difference between these two distributions in their
“leading edge’ is sufficient to produce these discrepancies.

The values of the Weibull shape parameter (w), the mean
(Z, ) the skew (S'), and kurtosis (K) are shown in Table 1

below.

Parameter Mean Skew Kurtosis
W Zu S K
40.74 32.32 -1 4773
7.493 6.340 -0.5 3.258
3.602 3.243 0.0 2.716
2.216 2.098 0.5 3.028
1.564 1.530 1.0 4,159

CONCLUSIONS

The effect of an asymmetric distribution of asperity heights has
been accounted for in the recently developed scale-dependent
multi-asperity model of contact and friction of Adams, Muftl
and Mohd Azhar [16]. A Weibull distribution d asperity
heights was used which allowed the skew and kurtosis to be
varied, but not independently of each other. The contact and
friction model included the effects of adhesion and of scale-
dependent friction. The results obtained demonstrated that
positive/negative skew decreases/increases both the friction
coefficient and its dependence on the magnitude of the normal
load.
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