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The Effects of Interfacial Particles
on the Contact of an Elastic
Sphere With a Rigid Flat Surface
In chemical mechanical polishing (CMP), a rigid wafer is forced on a rough elastomeric
polishing pad, while a slurry containing abrasive particles flows through the interface.
One of the important factors that influence the material removal rate in CMP is the
magnitude of contact force transmitted to the abrasive particles trapped at the contact
interface. The total push-down force is distributed to the direct contact between the wafer
and the pad, and to the three-body contact between the wafer, the pad, and the abrasive
particles. The presence of the abrasive particles alters the asperity contact, which oth-
erwise can be described by Hertz contact relationships. In this study, the effect of the
interfacial particles on the single asperity contact is investigated. An approach used by
Greenwood and Tripp (1967, “The Elastic Contact of Rough Spheres,” ASME J. Appl.
Mech., 34, pp. 153–160) to study the contact of rough spheres is utilized since the
presence of the particles provides a rough character to the contact. The results show that
the contact behavior becomes non-Hertzian with decreasing contact force and increasing
elastic modulus, particle size, and particle concentration. The role of the interfacial
particles is to spread the contact over a larger area while lowering the maximum contact
pressure at the center of contact predicted by Hertz contact. The conditions required to
transfer the contact force on the particles effectively are also described.
�DOI: 10.1115/1.2958073�
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Introduction
Chemical mechanical polishing �CMP� is a manufacturing pro-

ess commonly used in planarization of wafer based integrated
ircuits �ICs�. CMP is a key technology in generating planar sur-
aces for interlevel dielectric �ILD�, shallow trench isolation
STI�, and damascene metallization �1�. The introduction of the
ew materials such as porous ultra-low-k dielectrics and shrinking
evice sizes calls for more stringent requirements for the CMP
rocess to control the material removal rate �MRR� and planarity.
MP involves pushing down a rotating wafer attached to a wafer-
arrier, against a rotating polishing pad while liquid slurry, con-
aining various oxidizing chemicals and abrasive particles, is sup-
lied to the pad-wafer interface. The global equilibrium of the
afer is established between the forces exerted by the lubrication

ayer due to the slurry, contact, and deformation of the pad, and
he term soft elastohydrodynamic lubrication has been coined for
he problem that defines the wafer-scale force equilibrium �2�. The
roblem can be investigated in a hierarchical manner of which the
resent work covers the three-body and two-body contacts at the
article, wafer, and pad interfaces. Improvements in the CMP out-
omes can be facilitated if the complex relationships between
arious processing conditions and their effect on the MRR can be
nderstood.

The chemical reactions between the CMP-slurry and the wafer
re the primary driver for preparing the surface for polishing. The
ontact of the particles at the pad-wafer interface provides the
echanism to remove the material from the wafer surface �3�. The

lastic modulus of the wafer and abrasive particles is large com-
ared to the elastic modulus of the pad �1�. Therefore the wafer
nd abrasive particles can be considered to be rigid in a model of
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the pad-wafer interface. The pad is made of an elastomeric mate-
rial �e.g., polyurethane�, which exhibits hyperelastic material be-
havior �4�. The wafer is smooth as compared to the pad �5�. Hence
the pad-wafer contact can be modeled as the contact of one rigid
smooth and one deformable rough surface in the presence of
spherical rigid particles trapped at the contact interface.

In general, when two surfaces are brought into contact, the real
contact area is only a fraction of the apparent contact area due to
the roughness of the surfaces. Initially, contact occurs at the tip of
the tallest asperities. As the load is increased, not only the asperi-
ties start to deform and flatten, but also the number of asperities in
contact increases. As a result, contact spreads to a larger area. One
of the common solution methods to approach this problem is the
utilization of the statistics of the surface topography. Multi-
asperity models fall into this group �6,7�. In the Greenwood and
Williamson �GW� model the statistical distribution of the asperity
peak heights is used. Each asperity is assumed to have a smooth
spherical tip and to deform according to Hertz contact �6�. Hertz
contact is limited to small deformation and linear elastic material
behavior �8�. The contact of a single pad asperity and a rigid
wafer, described in this paper, violates the assumptions of the
Hertz contact as the pad material behavior is nonlinear and large
deformations occur since the pad is relatively soft. Furthermore,
the abrasive particles at the interface become trapped in the con-
tact interface, which influences the single asperity contact behav-
ior. Hertz contact has been widely utilized for the single asperity
contact of the pad with the wafer in material removal rate models
developed for CMP �3,5,9–11�.

Different scales of contact in CMP are illustrated in Figs.
1�a�–1�d�. In this work, a single asperity model is developed for
the contact of a deformable pad asperity and a rigid surface, which
includes the effects of the rigid spherical particles at the interface.
This is represented schematically in Figs. 1�b�–1�d�. The effects of

the relative motion of the pad and the wafer, and the effects of the
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ubrication due to slurry are neglected. At the pad-wafer interface,
he contact force could be carried by both direct contact of the pad
nd the wafer and/or the contact through the entrapped particles
particle contact�. The particle level interactions are modeled in
wo steps, single particle �SP� model and multiparticle �MP�

odel as shown in Figs. 1�d� and 1�c�, respectively. In the SP
odel, the contact of a single spherical particle between one rigid

nd one deformable surface is studied using the finite element
FE� method. Once the contact behavior of a single particle is
ound, the overall effect of multiple particles on the contact of two
at surfaces �one rigid and one deformable� is modeled. This MP
odel provides the necessary relationships required to character-

ze the local contact of single asperity in the single asperity �SA�
odel, as shown in Fig. 1�b�.

Single Particle (SP) Model
Contact mechanics of a rigid spherical particle, with radius rp,

rapped between two flat surfaces, as shown in Fig. 2, is investi-
ated. The separation distance between the surfaces is initially
arge and the particle is not in contact with the rigid surface �Fig.
�a��. At small loads, the contact is supported by particle contact
Fig. 2�b��. When the penetration of the particle becomes suffi-
iently deep, the flat surfaces come into direct contact. In this
aper, the condition where the contact is supported by the particle
nd the flat surface is called the mixed contact �Fig. 2�c��. In this
egime, an important parameter is the influence radius ri of the
article, which is used to quantify the noncontact region around
he particle. Also note that, due to the reasons that will become
lear shortly, the deformation in the particle contact regime is
haracterized with respect to the penetration of the particle �p, but
he deformation in the mixed contact regime is characterized with
espect to the average compressive strain �s=�d / ts, where
d�=�p−2rp� is the displacement of the deformable medium.
This problem is investigated with an axisymmetric finite ele-
ent model, using ANSYS 9.0 �Canonsburg, PA�. The outer radius

o of the deformable domain is taken as 200rp, which is suffi-
iently large to ensure that the results do not depend on this pa-
ameter. The thickness of the deformable medium ts, however,
ffects the particle and direct contact as the particle becomes com-

Fig. 1 Cross-sectional view of the wafer
Fig. 2 Single pa
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pletely embedded in the deformable medium. The model is run
using ts=250rp, 500rp, and 1000rp for a total average compressive
strain �s of the deformable medium of 0.45. It is confirmed that
the results presented in this section are independent of ts. In the
FE model, the nodes attached to the particle and the rigid surface
are coupled and displaced incrementally toward the deformable
medium to a final displacement of �p=227rp, or �s=0.45 when
ts=500rp. The model consists of 71,000 four-noded axisymmetric
elements �PLANE182�, by using the nonlinear finite deformation
definition �NLGEOM command�. The mesh in the vicinity of the
particle is finer and is gradually coarsened away from the particle.
Two different frictionless contact pairs for the contact of the par-
ticle and the deformable medium, and the rigid surface and the
deformable medium are defined with the contact elements
�CONTA172� for the deformable medium and rigid target ele-
ments �TARGE169� for the rigid particle and the surface. The
deformable medium is constrained from the bottom surface in the
direction of the particle movement.

Two parameter Mooney–Rivlin hyperelastic material model is
used to simulate the material behavior. In this model, the strain
energy density function is expressed in terms of two material con-
stants, a10 and a01 �12�. Here a10 and a01 are taken to be 0.5 MPa,
which yields Es=6 MPa �13�. Poisson’s ratio of the elastic sur-
face, �s=0.49, which is typical for nearly incompressible rubber-
like materials, is used in the model �13�.

The nondimensional variables used in this work are defined in
Table 1. Note that the superscript “ *” indicates the nondimen-
sional variables for the SP model and “ ˜ ” is used for the follow-
ing MP and SA models. The FE model is solved for each displace-
ment increment, �

p
*, and the particle contact force, f

p
*, is

calculated by summing the forces at the contact nodes attached to
the deformable medium in contact with the particle. The force
acting on the particle is indicated by f

p

p* or f
p

m* depending on
whether the contact represents the pure particle contact or the
mixed contact situations, respectively.

Figure 3 shows the variation of f
p

p* in the pure particle contact
regime �0��

p
*�2�. Hertz contact is valid for small penetration

depths �
p
*; however, the assumptions of Hertz contact become

d interface at different scales of contact
rticle model
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nvalid, and the error of the particle force predicted by Hertz
ontact �f* = 4 �*3/2� increases up to 20% as �* approaches 2. A

able 1 Nondimensional parameters for SP, MP, and SA
odels

SP model MP and SA models

* F* P* L̃ F̃ P̃
L

rp

F�1−�s
2�

Esrp
2

P�1−�s
2�

Es

L*rp

�p

F*rp
2

�p
2

P*
H 3 p p

p
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curve fit for the pure particle contact force f
p

p* can be described by
using a correction term for the Hertz contact as follows:

f p
p*��

p
*� = 4

3�
p
*3/2

− 0.10�
p
*2.89

for 0 � �
p
* � 2 �1�

In the mixed contact regime ��
p
*�2�, the penetration is measured

with respect to the deformation of the elastic pad, �d�=�p−2rp�, as
depicted in Fig. 2�c�, which is nondimensionalized as �s=�d / ts,
with respect to the thickness of the deformable medium, ts. This
gives a measure of the average compressive strain in the deform-
able medium. In this contact regime, the rate of increase in the
contact force on the particle f

p

m* is smaller as shown in Fig. 3 due
to the influence of direct contact. The contact force acting on the
particle f

m* is expressed by using the following curve-fit relation:

p

fp
m*��s� = � 5.4��s�0.57 + 3.12 for 0 � �s � 0.05

11.1��s − 0.05�0.90 + 4.10 for 0.05 � �s � 0.2

40.94��s − 0.2�2 + 13.14��s − 0.2� + 6.11 for 0.2 � �s � 0.45

�2�
he force carried by the wafer-to-pad direct contact is determined
y using the influence radius, r

i
*, and maximum direct contact

ressure, p
d

max*. The direct contact pressure p
d
*, varies along the

ontact interface as shown in Fig. 4�a�, for different pad compres-
ion �s values. The direct contact pressure, p

d
*, is zero at the outer

dge of the particle contact region and increases gradually to its
aximum, p

d

max*. The influence radius r
i
* is corrected to take this

ransition region into account. The influence radius r
i
* is found by

ntegrating p
d
* over the direct contact interface to find the total

irect contact force, which is then used to calculate the correction
erm to give the same contact force with pressure p

d

max* as

r
i
* =

1

pd
max*�

r
i
�*

ro

p
d
*dr �3�

he influence radius, r
i
* thus found varies with �s as shown in Fig.

�b� and it can be curve-fit to the following relationship:

ig. 3 Particle contact force in pure particle, f
p
p*, and mixed,

m*, contact regimes obtained by the FE model
r
i
*��s� = 1.52��s�−0.45 for 0 � �s � 0.45 �4�

The maximum contact pressure p
d

max* increases linearly with pen-
etration into the deformable pad for small �s values, and it be-
comes eventually nonlinear at large �s as shown in Fig. 4�c�. The
variation of the maximum contact pressure p

d

max* can be described
by the following curve-fit equations:

pd
max*��s� = � 0.76�s for 0 � �s � 0.015

0.85��s − 0.015� + 0.011 for 0.015 � �s � 0.2

1.8��s − 0.2�1.16 + 0.17 for 0.2 � �s � 0.45

�5�

3 Multiparticle (MP) Model
Next, contact of a rigid-flat surface with a deformable-flat sur-

face is considered when there are rigid spherical particles with
different sizes entrapped in the interface. Such a condition is de-
picted in Fig. 5. The mean particle radius, r�, the standard devia-
tion of the particle radii, �p, and the probability density function

�PDF� of the particle radii, �̃p�r̃p�, are assumed to be known. In
this interface, the light external forces are transmitted between the
two surfaces by particle contacts, and direct contact of the sur-
faces occurs as the external force is increased. Therefore, the

mean contact pressure P̃c is defined as follows:

P̃c =� P̃p
p if d̃sep � 0

P̃p
m + P̃d if d̃sep � 0

� �6�

where d̃sep is the separation of the two surfaces as defined in Fig.

5, P̃p
p is the mean contact pressure for the pure particle contact

regime �Fig. 5�b��, and P̃p
m and P̃d are the mean contact pressure

acting on the particles and the direct wafer-to-pad contact pressure
in the mixed contact regime �Fig. 5�c��, respectively. As in the
case of the SP model, the contact interactions are characterized

with respect to the approach of the two surfaces d̃sep in the particle
contact regime and with respect to the average compressive strain
�p=dsep / ts in the direct contact regime. The particle contact re-

gime is computed in the range 0� d̃sep�12, where the upper limit
˜
corresponds to r�+8. The direct contact regime, which is encoun-

OCTOBER 2008, Vol. 130 / 041401-3
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tered when d̃sep�0, is evaluated in the range −0.45��p�0. Note
that the average compressive strain �p is negative in the MP model

due to the definition of the d̃sep as defined in Fig. 5.

3.1 Number of Active Particles. Only a fraction of the par-
ticles in the slurry are trapped between the surfaces and become

active in contact at a given separation distance d̃sep �Fig. 5�a��. In

the pure particle contact regime, as the separation distance d̃sep
decreases, more particles get trapped between the surfaces and
become active �participate� in contact �Fig. 5�a��. The particles

with diameter �2r̃p� larger than the separation distance d̃sep are
considered to be captured in the contact interface, whereas smaller
particles can move freely between the surfaces �3�. The number of
particles per unit area 	̃a, which are active in contact, can be
found from the volumetric particle concentration 	̃v and the avail-

able volume V– =Aud̃sep, using 	̃a= 	̃vV– where Au=1 for unit area.
However, one needs to consider that the separation distance at
which each particle becomes active is dependent on the size of the
particle. Therefore the number of active particles, 	̃a, at separation

distance, d̃sep, can be obtained by the summation of the 	̃a at

larger d̃sep. Using the PDF �̃p�r̃p� of the particle radii, this sum-
mation gives

	̃a�d̃sep� = 	̃v�
d̃sep/2




2r̃p�̃p�r̃p�dr̃p �7�

In the mixed contact regime, where the pad and the wafer also
engage in contact, the number of active particles 	̃a

m is considered

to be constant and is calculated by setting d̃sep=0 in Eq. �7�.
The weight particle concentration, 	w, is the common measure

used for the slurries and can be converted to the volumetric par-
ticle concentration, 	̃v, for spherical particles by using the follow-
ing relationship:

	̃v =
�s

�p

	w

�
0



4

3
�r̃p

3�̃p�r̃p�dr̃p

�8�

where �p and �s are the mass densities of the particles and slurry,
respectively. As a result of the nondimensionalization of the vari-
ables in Eqs. �7� and �8�, the areal 	a and volumetric 	v particle
densities can be nondimensionalized, respectively, as 	̃a=	a�p

2

and 	̃v=	v�p
3.

3.2 Pure Particle Contact Regime. In the case of contact of
two rough surfaces, the GW model shows that the number of
asperities that are in contact, nasp, and the mean contact pressure,
Pc, between two rough surfaces separated by a distance, dsep, can
be found as follows �6�:

nasp = 	�
dsep




�asp�z�dz and Pc = 	�
dsep




fasp����asp�z�dz �9�

where �=z−dsep is the penetration of each asperity, fasp��� is a
function describing the load-displacement behavior of a single
asperity, z is the asperity height, �asp�z� is the PDF of the asperity
peak heights, and 	 is the number of asperity peaks per unit area.
(a)

(b)

(c)

ig. 4 „a… Variation of the direct contact pressure, p
d
*, along

he contact interface for different penetration depths, �
p
*, ob-

ained by FEA. „b… Influence radius, r
i
*, and „c… maximum direct

ontact pressure, p
d
max*, as a function of pad compression, εs,
rticle model
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n this work, the contact between particles and two surfaces is
odeled by replacing the asperities of the rough surface with

nterfacial particles. This requires interchanging the asperity
eight with the particle radius, z=2rp, as shown in Fig. 5. Then,
he nondimensional penetration depth of each particle, as defined
n the SP model, becomes �

p
*= �2rp−dsep� /rp. By using the num-

er of the active particles 	̃a�d̃sep� from Eq. �7�, the load-
isplacement function of a single particle in pure particle contact

egime f
p

p* from Eq. �1�, and the PDF of particle radii �̃p, the

ean particle contact pressure P̃p
p due to particles caught in the

nterface of two flat surfaces can be found as follows:

P̃p
p = 	̃v�

d̃sep/2




2r̃p f̃ p
p��̃p��̃p�r̃p�dr̃p for d̃sep � 0 �10�

3.3 Mixed Contact Regime. The mean contact pressure P̃p
m

ue to particle contacts in the mixed contact regime �d̃sep�0� is

ound in a way similar to Eq. �10�, by using Eq. �2� for f̃ p
m, and by

aking the lower limit of the integral as 0, as the number of active
articles is constant in this regime. Note that the force acting on

articles f̃ p
m in the SP model is expressed in terms of the average

ompressive strain of the deformable medium, which becomes
p=dsep / ts in the mixed contact regime of the MP model. The

ean contact pressure P̃p
m due to particle contacts in the mixed

ontact regime is then found as follows:

P̃p
m = 	̃v�

0




2r̃p f̃ p
m�− �p��̃p�r̃p�dr̃p for d̃sep � 0 �11�

ote that a “
” sign is introduced in Eq. �11� and the following
nes, for using �p, as the compressive strain is defined negative in
he MP model but positive in the SP model.

Computation of the direct contact pressure P̃d requires knowl-
dge on the direct contact area Ad=1−Ai, where Ai is the total
nfluence area shown in Fig. 2�c� for a single particle. The total
nfluence area of the particles as a fraction of total area Ai can be
ound by the summation of the influence areas of individual par-
icles as follows:

Ai = 	̃v�
0




2r̃p�r̃i
2�− �p��̃p�r̃p�dr̃p �12�

here r̃i is given by Eq. �4�. The direct contact area Ad increases
s the two surfaces are pushed further into each other in the re-

ime d̃sep�0 �Fig. 5�c��. The direct contact area consists of small
reas on the �originally� flat surface, which engage in contact at
ifferent levels of compression �p. For a given amount of com-
ression �p each particle creates a different contact area, which
hould be added for all the particles to give Ad��p�=1−Ai��p�,
sing Eq. �12�. Therefore, the direct contact pressure is not uni-
orm and depends on the local compression of each direct contact
rea. As the compression of the pad is increased, the sections
oming into initial contact start to experience low pressure,
hereas the sections that have already been in direct contact ac-

umulate more pressure. This cumulative effect is expressed by

sing the following relationship for the direct contact pressure P̃d:

P̃d =�
�p

m

�p

p̃d
max�	�p	 − 	�p

r 	�
dAd

d�p
r d�p

r �13�

Figure 6 shows the typical �calculated� variation of Ad with �p,
here it can be seen that the direct contact starts at a threshold

m m
train �p , where Ad��p �=0.

ournal of Tribology
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3.4 Influence Factor. The density of the active particles 	̃a is
shown, in Eq. �7�, to depend on the particle size r̃p and the sepa-

ration distance d̃sep. In fact, another factor, which influences this
density, is the distribution of the particles in the horizontal plane.

Next, the effect of the horizontal interparticle spacing d̃s on the
density of active particles 	̃a is analyzed. Figure 7�a� shows an
idealized configuration of seven identical particles, assuming that
the particles are evenly spaced at the corners of a hexagon. There
are a total of three particles in the hexagon, which has a nondi-

mensional area of Ãh=3
3d̃s
2 /2. In this case, the particle density,

	̃a, can be related to the mean spacing between the particles, d̃s, as

	̃a =
3

Ãh

=
2


3d̃s
2

or d̃s =
 2

3	̃a

�14�

For a more generic particle configuration, d̃s can be generalized as

d̃s =
 1

Cp	̃a

�15�

where Cp is a constant, which will depend on the relative dis-
tances between groups of particles. The mean influence radius of
the particles r̃i

mean is calculated by

r̃i
mean =

	̃v

	̃a
m�

0




2r̃pr̃i�− �̃p��̃p�r̃p�dr̃p �16�

The influence factor if characterizes the overlap of the influence
areas between particles and is defined by the following equation:

if =
r̃i

mean

d̃s

�17�

Note that in order for the MP model described in this work to be
accurate, the mean influence radius r̃i

mean should be greater than

ds /2 �if �0.5� as schematically demonstrated in Figs. 7�b�–7�d�.
The particles start to interact when if =0.5, which corresponds to
the separation distance at which direct contact area starts to grow
as shown in Fig. 6. As the influence factor if becomes larger, the
interaction between the particles becomes more significant and the
error of the model increases.

3.5 Multiparticle Model Relationships. The effect of par-
ticle concentration on the contact conditions in the MP model is
investigated next. The relation between the concentrations based
on weight 	w and volume 	̃v of the particles is given in Eq. �8�.

Fig. 6 The variation of direct contact area, Ad, and influence
factor, if , with pad compression, εp.
For a slurry with alumina particles, the particle density and the

OCTOBER 2008, Vol. 130 / 041401-5
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lurry density are related by �p /�s=3.7. The effects of different
article concentrations 	w are investigated in the range 1.25%
	w�5% and for mean particle radius of r̃�=4. The PDF for the

article size �̃p is assumed to be Gaussian and is given as fol-
ows:

�̃p�r̃p� =
1


2�
e−�r̃p − r̃��2/2 �18�

t should be noted that different PDFs such as the Weibull distri-
ution �7� can easily be implemented into this model.

Figure 8 shows the variation of the mean contact pressure P̃c

or different separation distances. In the range where 0� d̃sep
12, the load is transferred through the particles and Eqs. �6� and

10� apply. In this range, the mean contact pressure P̃c increases

apidly as the separation distance d̃sep approaches 0. This figure

Fig. 7 „a… Top view of a particle a
levels of influence factor if .

Fig. 8 „a… The contact pressure P̃c in pure particle

particle concentrations, �w=1.25%, 2.5%, and 5%, and
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also demonstrates that for a given separation distance, the mean

contact pressure P̃c increases with increasing particle concentra-

tion 	w. For example, when d̃sep=0, P̃c is found to be 0.005, 0.01,
and 0.02 for 	w=1.25%, 2.5%, and 5%, respectively.

The mixed contact regime is investigated in the range −0.45

��p�0, in Fig. 8, where the mean contact pressure P̃c is com-
puted by using Eqs. �6�, �11�, and �13�. In this regime, the number
of active particles 	̃a

m remains constant; however, the penetration
of each particle increases, and direct contact starts to occur with
increasing compression �p. Combination of these effects causes

the mean contact pressure P̃c to increase. At large pad deformation

values, P̃c depends predominantly on direct wafer-to-pad contact.
On the other hand, when the separation distance is near zero, a
transition region exists where only particle contacts support the

surfaces even though d̃sep�0. The fraction of mean particle con-

its six neighbors. „b…–„d… Different

… and mixed „P̃p
m+ P̃d… contact regimes for different

˜ m ˜
nd
„P̃p
p

„b… particle contact pressure ratio Pp /Pc
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act pressure to the total contact pressure, P̃p
m / P̃c, as a function of

he pad compression �p is shown in Fig. 8�b�. This figure shows
hat in the mixed contact regime, as the amount of compression
ncreases the fraction of the force carried by the particle contacts
ecreases. This figure also shows that direct contact does not oc-
ur until a critical value �p

m is reached. The transition region is,
herefore, defined as �p

m��p�0. In the transition region, the
ean contact pressure is nearly constant, as contact is entirely

nabled by the particles. Beyond the transition region the mean

ontact pressure, P̃c, �Fig. 8�b�� increases linearly with pad com-
ression, �̃p, much like in Eq. �5�. The critical �p

m values are ap-
roximately −0.007, −0.015, and −0.033 for particle concentra-
ions, 	w=1.25%, 2.5%, and 5%, respectively. At high particle
oncentrations 	w, the fact that there are more particles in the
nterface retards the formation of direct contacts and allows par-
icle contacts to support the load for deeper penetrations.

Figure 9 shows the direct contact area Ad �=1−Ai� computed
rom Eq. �12� and the influence factor if computed by using Eq.
17�. It is seen that direct contact area Ad is zero in the transition
egion. As the pad is compressed further ��p→−0.45� mixed con-
act is established; the direct contact area Ad increases rapidly with
p, gradually leveling off. Note that it appears that Ad will level
ff to a value less than 1, as part of the contact area is composed
f spherical particles with influence contact area Ai. This figure
lso shows that for the particle concentrations chosen here, influ-
nce factor if �0.5 in the mixed contact regime indicating that the
nfluence areas of the particles are well separated.

Single Asperity Model
Next, in the SA model where contact of a spherical asperity

ith a flat deformable surface is analyzed with rigid spherical
articles are entrapped in the asperity-flat-surface interface, as

ig. 9 The direct contact area, Ad, and influence factor, if, in
ixed contact regime for different particle concentrations, �w
1.25%, 2.5%, and 5%
Fig. 10 Single a
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shown in Fig. 1�b�. While the asperity is made of a hyperelastic
solid it actually endures small deformations, which are in the lin-
ear range of the material behavior, as shown in Eq. �5� and Fig. 4.
Therefore, no generality is lost when the bulk deformation behav-
ior of the system is represented by modeling the asperity as a rigid
sphere and the flat surface as the deformable medium �14�. A
schematic description of the SA interface, shown in Fig. 10, as-
sumes that the sphere can be approximated as a parabola near the
contact region. Therefore, the local separation ũ along the radial

direction �̃ can be approximated as ũ= ũ0+ �̃2 /2R̃b, where ũ0 is the

separation distance at the center of contact and R̃b is the bulk
radius of the asperity. Considering the elastic deformation of the
deformable medium w̃b, the relationship for the local separation is
expressed as �14�

ũ = ũ0 +
�̃2

2R̃b

+ w̃b �19�

The diameter of a pad asperity is three orders of magnitude
larger than the mean particle diameter, and the number of particles
entrapped under the deformed asperity is shown to be more than
100 as demonstrated later in Sec. 4.1.1. This situation is very
similar to the elastic contact of rough spheres analyzed by Green-
wood and Tripp �14�. In this work, the effect of the particles
trapped in the interface is represented by introducing a “contact-
layer” �Fig. 10� whose deformation behavior has just been intro-
duced in the MP model in Sec. 3. This layer transfers the forces
between the two surfaces.

The circular contact interface is divided into annular areas as
shown in Fig. 10. Each annular area is bound by the inner radius,
�i, and the outer radius, �̃i+1. The annular areas interact with each
other through the bulk deformation of the surface w̃bi

. An axisym-
metric FE model of the deformable medium is constructed to ob-
tain the bulk deformation, w̃bi

, induced by the local contact pres-
sure, p̃i, acting in each annular region. The bulk deformation w̃bi

is
determined by averaging the vertical deflection of the nodes lo-
cated at �̃i and �̃i+1 in the finite element model. The bulk defor-
mation, w̃bi

, is used to calculate the local separation, ũi, which is
then substituted into the multiparticle model �Eqs. �10�–�13�� to
obtain the local contact pressure, p̃i. The equilibrium local contact
pressure, p̃i, is iteratively found by repeating these steps until the

total contact force, F̃c
s, converges.

The local contact pressure, p̃i, is found by using the MP model
�Eq. �6�� for a given local separation, ũi. Note that the particle

contact force P̃p
p depends on the local separation ũ �=d̃sep�,

whereas the mixed contact force P̃p
m+ P̃d is a function of the av-

erage compressive strain �p, and thus depends on the layer thick-
ness t̃s. Therefore, a thickness value is required for the contact-
layer, particularly where ũi�0. The contact-layer thickness is
chosen by searching for the value of t̃s that minimizes the error
between computed results and the Hertz contact by neglecting the
effect of particles �	w=0�. Figure 11 shows the deviation of the
sperity model

OCTOBER 2008, Vol. 130 / 041401-7
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omputed maximum contact pressure p̃0 with respect to the Hertz

ontact model p̃0= �3F̃c
s / �2�3R̃b

2��1/3 for different values of the
ayer thickness t̃s. As expected, thinner layers give better predic-
ions to Hertz contact, as in that case the compressive strain �p
ecomes large for a given separation ũ. However, the computation
imes increase for thinner layers. It is, in fact, seen that, in the

ixed contact region, the contact-layer acts as a penalty param-
ter, used commonly in imposing contact conditions in FE analy-
is, but preserves the particle contact behavior in the particle con-
act region of the SA interface. Based on the accuracy of the
olution and the computation time, the layer thickness t̃s=20 is
sed in this study.

The deformable medium is discretized with 4700 four-noded
xisymmetric elements �PLANE182�. The mesh of the deformable
edium is finer near the contact zone; in particular, the element

ize is adjusted to be smaller near the outside edge of the contact
egion, in order to compute the contact radius ã accurately. Only
he bottom nodes of the deformable medium are constrained in the
irection of the bulk deformation and all other boundaries are left
ree. The thickness and the outer radius of the deformable medium
re taken as 7ã and 8.5ã. These values are found by trial and error
o be sufficiently large so that the results are not influenced by the
emote boundary effects even for the largest applied loads.

The parameters of this model, which are nondimensionalized as
hown in Table 1, are the mean particle size, r̃�, particle concen-

ration, 	w, and bulk radius of the asperity, R̃b. The direct contact
ressure, p̃d, the particle contact pressure, p̃p, the variation of the
irect contact area in the contact zone, Ad, the total contact force,

c
s, the total particle contact force, F̃p

s , the total direct contact area,

d
s , and the contact radius, ã, are calculated for a given separation
istance at the center of contact, ũ0. The numerical algorithm
onsisting of two main iteration steps to implement the outlined
olution approach is explained in the Appendix.

4.1 Results of Single Asperity Model. The same slurry prop-
rties described in the MP model, typical for CMP-slurry contain-
ng alumina abrasives, are used to evaluate the results of the SA

odel. In practice, the mean diameter of abrasive particles 2r� are
ypically in the range 25–100 nm, and the pad asperity radius Rb
s on the order of 50 �m. The nondimensional values are chosen
o reflect these ranges. The effect of the asperity radius is studied

n the range 4000� R̃b�16,000, while taking the particle concen-
ration 	w=2.5%. The effect of the particle concentration is stud-

˜

ig. 11 The error between the predicted maximum contact
ressure with respect to the Hertz model „p̃0

„3F̃c
s / „2�3R̃b

2
……

1/3
… utilizing different layer thicknesses t̃s
ed in the range 1.25% �	w�5%, while Rb is 8000. The separa-
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tion distance at the center of contact, ũ0, is increased with
increments of ũinc=0.02. The initial value of the relaxation factor
rf is 0.8 and gradually decreased to 0.025 as the penetration is
increased in order to achieve convergence, as described in the
Appendix.

In order to obtain an estimate for the contact force F̃c
s on a pad

asperity the GW model can be used. The mean contact pressure,
Pc, and the number of asperities in contact per unit area, nasp, can
be found by using Eq. �9�. The nondimensional mean contact

force on each asperity can then be determined as �F̃c
s�mean

= �Pc /nasp���1−�s
2� /Es�p

2�. The typical CMP pad has elastic modu-
lus Es=10–100 MPa, asperity peak standard deviation �5 �m,
asperity density 	�2�108 /m2, and asperity radius Rb�50 �m.
The applied pressure in CMP varies between Pc�10 kPa and
100 kPa. The standard deviation of the abrasive particle size dis-
tribution can be taken as �p�6.25 nm considering the mean par-
ticle radius of rp�25 nm. Evaluating the relations given in Eq.
�9� for these values shows that the mean contact force on the

asperities �F̃c
s�mean varies in the range 2�105� �F̃c

s�mean�4
�105, while the applied pressure is increased from
10 kPa to 100 kPa for Es=100 MPa, and in the range 3�105

� �F̃c
s�mean�9�105 for Es=10 MPa. In this work the effect of the

contact force F̃c
s is investigated in the range 102–106, considering

the variability in size of the particles and the contact conditions.

4.1.1 Effect of Particles on Contact Interface. In the MP
model, it is shown that the contribution of the particle contacts to
the overall force balance depends on the number of active par-
ticles in contact with each asperity 	a. The SA model implicitly
assumes that large numbers of particles are present at each asper-
ity contact interface, so that the statistical definition of the particle
size distribution and the averaging of the particle effects used in
the model are justified. Therefore, it is important to evaluate the
number of active particles na

s in the asperity’s contact interface.
This variable is computed by summing the number of particles
trapped in each annular area in the SA model by using the rela-
tionship na

s =�i
N���̃i+1

2 − �̃i
2�	̃ai, where the nondimensionalized

concentration of active particles 	̃ai for each annular region is
computed by using Eq. �7� with the lower limit of the integral as
the ũi value used in Eq. �19�. Note that the particle contact force
and direct contact area are computed similarly, by using Eqs. �6�
and �12�, respectively. Figure 12 shows that the number of active

s

Fig. 12 The number of active particles, na
s, as a function of the

total contact force, F̃c
s, for different particle concentrations, �w
particles na in the single asperity interface increases with particle
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oncentration 	w and the total applied force F̃c
s as expected. It

hould be noted that na
s remains greater than 100 for all 	w studied

nd when the total contact force F̃c
s �104.

The computed contact pressure p̃c distribution in the asperity
ontact interface is plotted in Fig. 13, for two different values of

he total contact force, F̃c
s =104 and 105. Figure 13�a� shows that

he presence of the rigid particles in the interface causes a signifi-
ant deviation of the contact pressure distribution from the Hertz

ontact, when the total force is low F̃c
s =104. Particle concentration

w has an important effect on this distribution, causing more de-
iation at higher 	w values. Figure 13�a� also shows that the con-
act area is predicted to be larger than that of the Hertz contact
hen particles are involved in contact. In fact, this effect causes a

eduction in the maximum contact pressure at the center of con-

act, p̃0. On the other hand, when the contact force F̃c
s =105, the

ontact pressure distribution for different particle concentrations
nd Hertz contact become almost identical. This result stems from
he fact that the local penetration in the contact zone is so large
hat direct contacts dominate the contact interface and the relative
ffects of particle contacts, which are limited to the outside edge
f the contact zone, becomes small. These figures show that
igher elastic modulus �Es� and larger particle standard deviation
�p� cause larger deviations from the Hertz contact, considering
he deviation from Hertz contact is more significant at lower val-

Fig. 13 The effect of the particle concentration,
contact interface for contact force values of „a… F̃c

s

Fig. 14 The effects of the particle concentration,
pressure to the total contact pressure, p̃p / p̃c, and

˜ s 4 ˜ s 5
contact force values of „a… Fc=10 and „b… Fc=10

ournal of Tribology
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ues of the total contact force �F̃c
s =Fc

s�1−�s
2� /Es�p

2�.
It is apparent from Fig. 13 that the contact interface can be

divided into three different regions, based on the effects of direct
and particle contact. In fact, the presence of these regions can be
explained better in Fig. 14, where the fraction of particle contact
pressure to total contact pressure, p̃p / p̃c, and the direct contact
area Ad in the interface are plotted. This figure shows that, at the
outside edge of the contact region, where p̃p / p̃c=1, pure particle
contact is the responsible mechanism for the contact pressure. On
the other hand, direct contact is the dominant mechanism near the
center of contact, where p̃p / p̃c�1, as the particles become em-
bedded in the elastic surface, causing an increase in the direct
contact area. There is a transition region between direct contact
and particle contact dominant regions in which the effects of par-
ticle and direct contact are comparable. The direct contact area Ad
is initially 0 at the outside edge of the contact zone. Toward the
center of the contact, the deformation of the asperity increases,
which in turn causes a larger area to come into direct contact. Of
course the presence of the particles delays the occurrence of the
direct contact, and as expected for higher particle concentration,
	w direct contact covers a smaller area.

4.1.2 Effect of Total Contact Force. The above results show

that the total contact force F̃c
s acting on the asperity could have a

significant influence on the behavior of the contact interface. It is

, on the contact pressure, p̃c, distribution in the
4 and „b… F̃c

s=105

on the distribution of ratio of the particle contact
e direct contact area, Ad, in the contact zone for
�w
�w,
th
OCTOBER 2008, Vol. 130 / 041401-9
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therefore important to investigate the effect of F̃c
s. Figure 15

shows the variation of the fraction of total force carried by the

particles, F̃p
s / F̃c

s, and the total direct contact area, Ad
s , as a function

of the total contact force, F̃c
s, for the three different particle con-

centrations, 	w. This figure shows that for low F̃c
s values the entire

load is carried by the particles �F̃p
s / F̃c

s =1�. When the direct con-
tact starts to become significant at higher loads, this ratio gradu-
ally becomes lower than 1. As expected, the direct contact starts to
become more significant for lower values of the particle concen-
trations. Following a similar trend, the total contact area increases

with increasing F̃c
s values.

4.1.3 Effect of Penetration Depth. According to Hertz contact
model the total contact force is expected to vary with the 3 /2

power of the penetration at the center of contact ��̃0
s�. The pres-

ence of the particles in the contact interface is expected to modify
this relation. In this work, the negative values of the penetration
are assumed to cause contact of the idealized asperity as shown in
Fig. 10. However, the particles trapped in the interface cause con-

tact even when �̃0
s �0. The effect of penetration ��̃0

s� is plotted in
Fig. 16. As expected the model predicts that the particles trapped
between the surfaces become engaged in contact, causing the total

contact force F̃c
s to become nonzero when �̃0

s �0, while the Hertz

ontact pressure, p̃c, distribution along the contact
s 5

Fig. 18 The variation of the particle contact force as a fraction
of the total contact force, F̃p

s / F̃c
s, and the direct contact area, Ad

s,
with the total contact force, F̃c

s, for different asperity radii, R̃b
ig. 15 The variation of the particle contact force as a fraction
f the total contact force, F̃p

s / F̃c
s, and the direct contact area, Ad

s,
ith the total contact force, F̃c

s, for different particle concentra-
ions, �
ig. 16 The variation of the total contact force, F̃c
s, with the

enetration at the center of contact, �̃0
s, for different particle

oncentrations �
Fig. 17 The effect of the asperity radius, R̃b, on the c
˜ s 4 ˜
c=10
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ontact model clearly predicts zero contact force. In this range, the

otal contact force F̃c
s increases with 	w for the same amount of

enetration, as more particles are present when particle concentra-
ion is high. Figure 16 also shows what happens when the pen-

tration is increased or �̃0
s becomes negative. The total contact

orce F̃c
s estimated by Hertz contact is smaller than the particle

odel for small penetration values. However, as the penetration is

ncreased further, the variation of the total contact force, F̃c
s, with

he penetration, �̃0
s , becomes similar to Hertz contact. This result is

n agreement with the contact pressure distribution that is shown

o be similar at high total contact force, F̃c
s, in Fig. 13. It is also

oted that the effect of particle concentration diminishes at large
enetration depths.

4.1.4 Effect of Asperity Radius. The effect of asperity radius

b is presented in Figs. 17 and 18. The computed contact pressure

c variations in the contact interface of the asperity are plotted in

igs. 17�a� and 17�b� for F̃c
s =104 and 105, respectively. These

gures show that, for a given total force, the predicted contact
ressure distribution when abrasive particles are in the interface
eviates more with respect to the Hertz contact, when the asperity
adius increases.

The total direct contact area, Ad
s , and the ratio of particle contact

orce to total contact force, F̃p
s / F̃c

s, are plotted in Fig. 18, as a

unction of the total contact force, F̃c
s, for different asperity radii,

b. The contact force required to initiate the direct contact be-
omes smaller, as the asperity radius is decreased. The direct con-

act area, Ad
s , for smallest asperity radius, R̃b=4000, remains to be

arger in the whole range of total contact force studied. Moreover,

he particle contact force ratio F̃p
s / F̃c

s is higher for the asperities
ith a larger radius. These results are attributed to the fact that for
given total force, a larger contact area but lower contact pressure

s predicted when the asperity radius increases. In fact, this is even
videnced by the Hertz relations for the contact radius ã

�3F̃c
sR̃b /2�1/3 and maximum pressure p̃0= �3F̃c

s / �2�3R̃b
2��1/3. As

he contact pressure is lower on a larger asperity, the particles will
ave a lower tendency to penetrate into the elastic solid and thus
hey will carry a larger proportion of the load.

Summary and Conclusions
The single asperity model developed in this paper can be used

o characterize the contact of a single asperity with a rigid flat
urface, when rigid spherical particles are present in the contact
nterface. The external load on the asperity is transferred to the
igid surface by the particles and by the direct contact of the
lastic pad to rigid surface. The degree to which the particles
ecome embedded into the deformable material affects the inter-
acial contact conditions.

This work showed that one of the effects of the particles on the
verall contact behavior is to distribute the contact over a larger
rea. Consequently, the maximum contact pressure at the center of
ontact decreases with respect to the prediction of the Hertz
heory. This work also showed that the particles will have a lower
endency to penetrate into the elastic solid, when they are caught
n the interface of a relatively large asperity. For a given total
ontact force, this means that an increased proportion of the total
ontact force will be carried by the particles if the asperity radius
s increased.

The particle contact force is an important output of the model
s it can be used to determine the material removal rate in CMP.
he results show that the total contact force is carried by the
article contacts at small loads in the pure particle contact regime.
n fact, the contact force could be nonzero even when the surfaces
re separated from each other. For high loads, the fraction of the

otal load carried by particle contacts starts to decrease rapidly as

ournal of Tribology
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the contact pressure develops at the direct contact interface at a
higher rate than the rate of increase in the particle contact inter-
face. This implies that increasing the total contact force may not
necessarily translate to a significant increase in the particle contact
force. This finding can be used to shed light onto different experi-
mental trends of the material removal rate �MRR� variation with
applied pressure for hard and soft CMP pads �15�. The MRR is
experimentally found to increase linearly with applied pressure for
hard pads, whereas it depends sublinearly on the applied pressure
for soft pads. Based on this work, the occurrence of the direct
contact for the soft pads can be considered as the reason for this
sublinear dependence.

At high particle concentrations the influence area of the par-
ticles starts to overlap as the mean distance between the particles
decreases. This slows down the occurrence of direct contact for a
given load. Therefore, high particle concentration provides a more
favorable condition to effectively transfer the applied force
through the particles. The CMP studies �15,16� investigating the
influence of the particle concentration on the MRR show that the
MRR increases linearly with particle concentration when the par-
ticle concentration is low, which is confirmed by the single asper-
ity model showing larger particle contact force for higher particle
concentration. These experimental studies also show that the
MRR levels off at high particle concentration. This finding is in
contrast with the prediction of the SA model showing a continu-
ous increase in the particle contact force with higher particle con-
centration. However, the single model developed here is by itself
insufficient to model a multi-asperity contact situation where the
pad’s roughness and porous structure, the dynamics of the par-
ticles �sliding versus rolling�, and the hardness of the passivated
layer are at play. The implementation of the single asperity model
developed here into a multi-asperity contact and wear model is the
subject of the ongoing research.
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Appendix: Numerical Algorithm for the Solution of the
Single Asperity Model

In the first step controlled by the inner loop �Fig. 19�, the rigid
part of the separation distance, ũi

r, is fixed and the variable part,
ui

v, is updated using the bulk deformation from the finite element
solution as

ũi = ũi
r + ũi

v �A1�

where ũi
r and ũi

v for the kth iterative step of the inner loop are
given as

�ũi
r�k = ũ0 +

�̃i
2

2R̃b

+ �1 − rf��w̃bi

0 − w̃b0

0 � �A2�

�ũi
v�k = rf�w̃bi

k − w̃0
k� �A3�

The updated separation distance, ũi, is substituted into the multi-
particle model to find the local contact pressure, p̃i, acting in each
annular region �Eqs. �10�–�13��. The local contact pressure, p̃i, is
then applied on the contact elements of the finite element model,
which is solved to obtain the bulk deformation, w̃bi

. The separa-
tion distance, ũi, is calculated from the updated bulk deformation,
w̃bi

using Eqs. �A1�–�A3�. The local contact pressure, p̃i, on the

contact elements is integrated to find the total contact force, F̃c
s.

˜ s
The inner loop ends as the variation of Fc between successive
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terations is smaller than the convergence tolerance for the inner
oop.

If the solution does not converge as the number of iterations for
he inner loop, k, exceeds the maximum number of iterations, kmax
k�kmax�, the separation distance, ũi, is recalculated with a
maller relaxation factor, rf, in Eqs. �A2� and �A3� so that the
igid part of the separation distance, ũi

r, becomes larger to enhance
he convergence behavior. Once convergence is obtained for the
nner loop, ũi

r is updated for the next iteration �j+1� of the outer
oop by using ũi

r from the converged solution of �j−1�th and jth
teps as

�ũi
r� j+1 = �1 − rf��ũi

r� j−1 + rf�ũi
r� j �A4�

The outer loop controls the convergence behavior of the total

ontact force F̃c
s obtained from the inner loop. If the successive

alues of F̃c
s from converged solution of the inner loop varies

ithin the convergence tolerance, the bulk deformation is as-
umed to be in equilibrium with the contact pressure for the given
eparation distance at the center of contact, ũ0. Once the solution
s obtained for the direct contact pressure p̃d, particle contact pres-
ure p̃p, and contact radius ã using the converged bulk deforma-
ion w̃b, the separation distance at the center of contact, ũ0, is
ncreased with an increment, ũinc.

The initial guess for the bulk deformation w̃bi
of the current step

s taken from the converged solution of previous step. If conver-
ence criteria cannot be satisfied in the outer loop before the num-
er of iterations for the outer loop, j becomes large �j� jmax�, the
ncrement ũinc is decreased, and the outer loop is restarted with the

˜

Fig. 19 Numerical algorithm for the
ew separation distance at the center of contact u0 in the main

41401-12 / Vol. 130, OCTOBER 2008

aded 05 Aug 2008 to 129.10.64.168. Redistribution subject to ASME
loop. In the first step, the total contact force, F̃c
s, is small enough

to ensure convergence even when the initial guess for the bulk
deformation, w̃bi

, is taken to be 0.
The convergence rate is high for small contact force �small

penetration depth� even when the initial guess for the bulk defor-
mation w̃bi

is taken to be 0. However, as the penetration depth is
increased, the convergence behavior rapidly changes. The conver-
gence for large penetration depths is achieved by improving the
initial guess for the bulk deformation w̃bi

. The initial guess for the
bulk deformation w̃bi

of each iteration is obtained from the previ-
ous iteration. This approach improves the convergence behavior;
however, convergence problems can still be encountered when the
penetration depth is further increased. In order to enhance the
convergence behavior, the rigid part of the separation distance is
not assumed to be spherical but the new shape is interpolated
considering the bulk deformation w̃bi

from the previous iteration.
A relaxation factor, rf, which is defined as the fraction of the bulk
deformation, w̃bi

that is used for the variable part of the separation
distance is utilized. The relaxation factor rf is reduced at large
penetration depths to achieve convergence, with the cost of in-
creased computation times.
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